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Atomically thin transition metal dichalcogenides (TMDs) are direct-gap semiconductors with strong
light-matter and Coulomb interaction. The latter accounts for tightly bound excitons, which dominate the
optical properties of these technologically promising materials. Besides the optically accessible bright excitons,
these systems exhibit a variety of dark excitonic states. They are not visible in optical spectra, but can strongly
influence the coherence lifetime and the linewidth of the emission from bright exciton states. In a recent
study, an experimental evidence for the existence of such dark states has been demonstrated, as well as their
strong impact on the quantum efficiency of light emission in TMDs. Here, we reveal the microscopic origin
of the excitonic coherence lifetime in two representative TMD materials (WS2 and MoSe2) within a joint
study combining microscopic theory with optical experiments. We show that the excitonic coherence lifetime
is determined by phonon-induced intra- and intervalley scattering into dark excitonic states. Remarkably, and
in accordance with the theoretical prediction, we find an efficient exciton relaxation in WS2 through phonon
emission at all temperatures.
As truly two-dimensional materials exhibiting a weak
dielectric screening, monolayer transition metal dichalco-
genides (TMDs) show a remarkably strong Coulomb interac-
tion giving rise to the formation of tightly bound excitons.1–4
In addition to the optically accessible bright excitonic states
located at the K and K ′ points at the corners of the hexagonal
Brillouin zone5–8, there is also a variety of optically forbid-
den states including p excitons exhibiting a non-zero angu-
lar momentum, intravalley excitons with a non-zero center-
of-mass momentum above the light cone as well as interval-
ley excitons, where a hole is located at the K point and the
electron either at the K ′ or the Λ point,9–11 cf. Fig. 1. In
a recent time-resolved and temperature-dependent photolumi-
nescence study, the existence of such dark intervalley excitons
has been experimentally demonstrated.12 In particular, it was
shown that in tungsten-based TMDs, the intervalley dark ex-
citon lies energetically below the optically accessible exciton
resulting in a strong quenching of photoluminescence at low
temperatures.12,13
Since excitons dominate the optical response of TMDs, a
microscopic understanding of their properties is of crucial im-
portance for their promising technological application in fu-
ture optoelectronic and photonic devices. The presence of
dark states has a strong impact on the coherence lifetime of
optically accessible states, since they present a possible scat-
tering channel that can be accessed via emission or absorp-
tion of phonons. The coherence lifetime in two-dimensional
TMDs is directly reflected by the homogeneous linewidth of
excitonic resonances that is experimentally accessible in op-
tical absorption and emission spectra.14 The homogeneous
linewidth in monolayer WSe2 has been recently measured via
optical 2D Fourier transform spectroscopy allowing an un-
ambiguous separation from inhomogeneous broadening.15 G.
Moody et al. find, for temperatures up to 50 K, a linear in-
crease of the homogeneous linewidth in the range of 4 meV
to 10 meV. Further studies show an increase of the linewidth
up to 40 meV in MoTe2 and 65 meV in MoS2 at room
temperature.16,17 The observed increase is ascribed to scat-
tering with acoustic phonons within the K valley. Phonon-
induced scattering into dark intervalley exciton states has not
been considered. However, a consistent microscopic theory
description of these observations is not available so far.
Here, we present a joint theory-experiment study aiming at
a fundamental understanding of microscopic processes deter-
mining the excitonic coherence lifetime in TMDs. In the ex-
periment, we use optical spectroscopy to extract temperature-
dependent homogeneous linewidths from the total broadening
of the exciton resonances in TMD monolayers. Our theoret-
ical approach is based on the Bloch equation for the micro-
scopic polarization combined with the Wannier equation pro-
viding access to eigenvalues and eigenfunctions for bright and
dark excitons. The joint study reveals the qualitatively differ-
ent microscopic channels behind the excitonic coherence life-
time in tungsten- and molybdenum-based TMDs: In MoSe2,
the coherence lifetime is determined by radiative coupling at
low temperatures and by phonon-induced intravalley scatter-
ing at room temperature. In contrast, the excitons in WS2 can
be efficiently scattered into the energetically lower-lying inter-
valley dark excitonic state, cf. Fig. 1. This process is driven
by phonon emission that is very efficient even at low temper-
atures. Note, that we focus on spin-conserving processes, oc-
curring on an ultrashort time scale (tens of femtoseconds) in
this study. Intervalley scattering via exchange interaction oc-
curs on a much longer time scale (picoseconds18,19) for sup-
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FIG. 1. Relaxation channels determining the excitonic lifetime.
(a) Minima of the excitonic center of mass motion (Q) dispersion
E(Q). An exciton at the Γ point can decay via radiative γrad (blue
arrow) or non-radiative dephasing γnon-rad. The latter occurs through
exciton-phonon scattering within the Γ valley (orange) or to dark ex-
citonic states at the Λ (red) or the K valley. For WS2, the intervalley
Λ andK excitons lie energetically below the Γ exciton (∆EKΛ < 0)
allowing efficient scattering via emission of phonons even at very low
temperatures.The dashed dispersion curves refer to a situation typi-
cal in MoSe2, where ∆EKΛ > 0. (b) An exciton at the Γ (Λ,K)
point is formed by an hole (red) at theK point and an electron (blue)
at the K (Λ,K′) point.
ported samples. To describe the coherence lifetime of opti-
cally bright excitons, we develop a theoretical model includ-
ing all relevant relaxation channels on a microscopic footing.
Furthermore, to test the theory, we perform experiments on
WS2 and MoSe2 monolayers using a combination of linear
reflectance and photoluminescence spectroscopy. From the
obtained total linewidths of the exciton transitions we esti-
mate temperature-dependent homogeneous broadening of the
resonances corresponding to the coherence lifetime of the ex-
citons. Our analysis is also consistent with recent reports on
total exciton linewidths in MoSe2 13, as well as with the be-
havior of a similar TMD material WSe2 studied through co-
herent spectroscopy at low-temperatures 15 and under resonant
excitation conditions 20 (Additional details for the experimen-
tal procedure and data analysis are given in the Methods sec-
tion).
The first step of the theoretical evaluation is the solution of
the Wannier equation3,14,21,22
~
2q2
2m0
ϕµq −
∑
k
V excq,k ϕ
µ
q+k + Egapϕ
µ
q = E
µϕµq, (1)
presenting an eigenvalue equation for excitons in TMDs. It in-
cludes the excitonic part of the Coulomb interaction V excq,k that
is treated within the Keldysh formalism for 2D systems.3,23
We obtain excitonic eigenenergies Eµ and excitonic wave-
functionsϕµq for optically allowed bright and optically forbid-
den dark excitons that are denoted by the quantum number µ.
The wavefunctions depend on the momentum q = αk1+βk2
describing the relative motion of electrons (k1) and holes (k2)
in real space, where α = me
mh+me
and β = mh
mh+me
with ef-
fective masses for electrons and holes me,mh.
The second step is to derive a Bloch equation for the mi-
croscopic polarization pvck1k2(t) that determines the optical re-
sponse of the material. The quantity reads in the excitonic
basis24 PµQ =
∑
q ϕ
∗µ
q 〈a
†v
q+βQa
c
q−αQ〉 with a
(†)λ
q as annihi-
lation (creation) operators for an electron in the state (q, λ)
with the band index λ and µ being the quantum number of the
exciton state. Here, we also have introduced the in-plane mo-
mentum Q = k1 − k2 denoting the Fourier coordinate of the
center-of-mass motion in real space. The electronic dispersion
is assumed to be parabolic, which is a good approximation in
the vicinity of the K point. This results in a quadratic dis-
persion for the excitons which constitutes the lowest excitonic
contribution9,10 addressed in a coherent optical transmission
experiment with fixed polarization. We focus here on the ener-
getically lowest intravalley and intervalley excitons numbered
by µ, i.e. the bound electron and hole are either both located
at the K point (intravalley), or only the hole is at the K point,
while the electron is either in the K ′ or in the Λ point in the
first Brillouin zone, cf. Fig. 1. Since a photon has a negli-
gibly small center-of mass momentum Q, only excitons with
Q ≈ 0 are optically accessible. As a result, all intervalley
excitons are dark.
Applying Heisenberg’s equation of motion i~∂tPµQ =
[H,PµQ], we can determine the temporal evolution of the mi-
croscopic polarizationPµQ. The Hamilton operatorH includes
(i) an interaction-free part containing the dispersion of elec-
trons and phonons, (ii) the carrier-light interaction determin-
ing the optical selection rules, (iii) the carrier-carrier interac-
tion that has already been considered in the Wannier equation,
and (iv) the carrier-phonon interaction coupling bright and
dark excitons via emission and absorption of phonons. The
carrier-light coupling is considered within the semi-classical
approach in p · A gauge25. The coupling is determined by
the optical matrix element Mσ−q projected to the right-handed
circular polarized light that is required to excite excitons at
the K point.3,26–28 The carrier-phonon matrix element gλαq is
treated within an effective deformation potential approach for
acoustic phonons and approximating the Fro¨hlich interaction
for optical phonons.29,30
Evaluating the commutator in the Heisenberg equa-
tion of motion, we obtain in second-order Born-Markov-
approximation24 the Bloch equation for the microscopic po-
larizations PµQ(t)
i~∂tP
µ
Q(t) =
(
~
2Q2
2M
+ Eµ
)
PµQ + i~
∑
q
ϕ∗µq Ω
cv
q δQ,0
− i
pi
~
∑
q′,αν
GµναQ,Q+q′P
ν
Q. (2)
While the first term describes the oscillation of the excitonic
polarization determined by the excitonic dispersion in Q,
3the second term stands for the carrier-light interaction given
by the Rabi frequency Ωcvq = e0m0M
σ−
q Aσ− with the vec-
tor potential Aσ− and the electron charge and mass e0,m0.
The third contribution in equation (2) describes the exciton-
phonon-interaction that is given by the function
GµναQ,Q+q′ = ~
∑
±,ρ
gµραq′ g
ρνα
−q′
(
1
2
±
1
2
+ nαq′
)
×
×δ(Eρ(Q+ q′)− Eν(Q)± ~ωα±q′). (3)
Here, ~ωαq′ is the phonon energy and nαq′ the phonon oc-
cupation in the mode α corresponding to the Bose-Einstein
distribution. The function contains scattering processes in-
cluding phonon emission (+) and absorption (−). The
exciton-phonon coupling gµναq′ =
∑
q(ϕ
∗µ
q g
cα
q′ ϕ
ν
q−βq′ −
ϕ∗µq g
vα
q′ ϕ
ν
q+αq′) depends on the electron-phonon matrix el-
ement gcαq′ and the overlap of the involved exciton wave-
functions in momentum space. The corresponding phonon-
induced homogeneous dephasing of the excitonic polarization
reads24
γµαQ =
pi
~2
∑
q′ν
GµναQ,Q+q′ , (4)
giving rise to a non-radiative coherence lifetime for excitons
with momentum Q in the state µ. Here, we take into account
acoustic (LA, TA) and optical phonons (LO, TO),30 explic-
itly considering intravalley scattering between bright (Q = 0)
and dark K − K excitonic states (Q 6= 0) as well as inter-
valley scattering involving dark K −Λ and K −K ′ excitons,
cf. Fig. 1. To evaluate the exciton-phonon scattering rates,
we calculate the rate self-consistently, which corresponds to a
self-consistent Born approximation.31,32
Besides the exciton-phonon scattering, the coherence life-
time of excitons is also influenced by radiative coupling, i.e.
spontaneous emission of light through recombination of elec-
trons and holes. The radiative coupling is obtained by self-
consistently solving the Bloch equation for the excitonic po-
larization and the Maxwell equations in a two dimensional
geometry for the vector potential Aσ− yielding33
γrad =
~
2cµ0
ωn
|
∑
q
Mσ−∗q ϕ
µ
q|
2. (5)
Here, c/n is the light velocity in the substrate material and µ0
the vacuum permeability.
Having solved the Wannier equation, equation (1), and the
Bloch equation, equation (2), we have access to the optical
response of TMDs and can evaluate the radiative and non-
radiative homogeneous linewidth of excitonic resonances re-
flecting the coherence lifetime of optically allowed excitons.
Figure 2 illustrates the absorption spectrum of two dimen-
sional sheets33 of two exemplary monolayer TMDs includ-
ing tungsten diselenide (WS2) and molybdenum diselenide
(MoSe2). We predict the homogeneous linewidth of the en-
ergetically lowest A exciton to be in the range of a few meV
corresponding to an excitonic coherence lifetime of a few hun-
dreds of femtoseconds. Depending on the temperature, either
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FIG. 2. Homogeneous broadening and coherence lifetime. Ab-
sorption spectrum of (a) WS2 and (b) MoSe2 focusing on the ener-
getically lowest resonance of the A exciton. All spectra were nor-
malized to their peak maximum. While the blue line only includes
the radiative linewidth, the other lines contain also non-radiative con-
tributions due to exciton-phonon scattering at different temperatures.
Absolute value of the microscopic polarization for (c) WS2 and (d)
MoSe2. The filled curve illustrates a 10 fs excitation pulse at t = 0.
the radiative or the non-radiative contribution is the dominant
mechanism. We observe a larger radiative broadening in WS2
(7 meV vs. 4 meV for MoSe2), while the overall broadening at
room temperature is larger for MoSe2 with 40 meV vs 24 meV
in WS2. Furthermore figure 2 shows the temporal evolution of
the excitonic polarization P 1s0 (t) after optical excitation with
a 10 fs pulse. We find that the polarization decays radiatively
with a time constant in the range of hundreds of fs. Includ-
ing exciton-phonon coupling the time constant decreases dras-
tically to some tens of fs at room temperature. Evaluating
equations (4) and (5), we can reveal the microscopic origin
of the excitonic linewidth. Figure 3 shows the temperature
dependence of the linewidth depending on the nature of the
coupling mechanism. Further, we show the corresponding ex-
citon coherence lifetime which is connected by L τ = ~, with
L being the full linewidth. We find an excellent agreement be-
tween theory and experiment with respect to qualitative trends
as well as quantitative values for the linewidths.
In both investigated TMD materials, we observe a
temperature-independent offset originating from radiative re-
combination. In contrast, the non-radiative coupling via scat-
tering with phonons introduces a strong temperature depen-
dence. Furthermore, we find a remarkably different behavior
for MoSe2 and WS2: While for MoSe2 intravalley exciton-
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FIG. 3. Excitonic linewidth and lifetime. Temperature dependence
of the linewidth and lifetime of the A exciton in (a) WS2 and (b)
MoSe2 in dependence of temperature. The red points with error
bars describe the experimental data. The thick red line shows the
total linewidth consisting of the single contributions from the ra-
diative decay γrad (blue) and non-radiative decay including intraval-
ley exciton-phonon coupling γKKnon-rad (orange) as well as intervalley
coupling γKΛnon-rad (only shown in the total contribution) and γKK
′
non-rad
(dashed orange). Note that the latter contribution is very small.
phonon scattering is the crucial mechanism, the excitonic co-
herence lifetime in WS2 is dominated by intervalley scattering
γKΛnon-rad, coupling the optically allowedK−K exciton with the
dark K−Λ states. The reason lies in the relative energetic po-
sition of these excitons. In WS2, the K −Λ exciton is located
approximately 70 meV below theK−K exciton. Hence, exci-
ton relaxation through phonon emission is very efficient even
at 0 K resulting in a non-radiative offset in the homogeneous
linewidth at low temperatures, cf. Fig. 3(a). The coupling to
K −K ′ excitons does not significantly contribute due to the
weak electron-phonon coupling element.30
The situation is entirely different in MoSe2, where the dark
K − Λ exciton lies approximately 100 meV above the bright
K − K exciton. Thus, only the less efficient absorption of
phonons can take place. Since the energy of large-momentum
acoustic phonons,required for scattering K −K excitons into
K − Λ states, is only 15 meV in this material,30 the only con-
tribution of intervalley scattering in MoSe2 stems from the
absorption of optical Γ phonons and becomes relevant for
temperatures higher than 150K, cf. Fig. 3(b). Our calcu-
lations show that the intravalley scattering with acoustic Γ
phonons is the crucial mechanism for the excitonic coher-
ence lifetime in MoSe2. We observe a linear increase of the
linewidth with temperature. Since acoustic Γ phonons have
small energies, the Bose-Einstein distribution appearing in
equation (3) can be linearized resulting in a dephasing rate
γKK
′
non-rad, ac = 2pi
2|gq0 |
2 kT
2~Mc2
ac
exhibiting a linear dependence
on the temperature T . The slope is given by the exciton mass
M , the velocity of the acoustic phonons cac, and the exciton-
phonon coupling element gq0 at the position q0, where the
delta distribution is fulfilled, cf. equation (3).
The super-linear increase of the linewidth with temperature
observed for both MoSe2 and WS2 can be ascribed to the scat-
tering with optical Γ or Λ phonons. The overall temperature
dependence of the excitonic linewidth can be approximated
by γ = γ0 + c1T + c2
e
Ω
kT −1
. For WS2, we find a temperature-
independent offset of γ0=9.1 meV consisting of 7 meV due to
radiative decay and 2.1 meV due to acoustic Λ phonon emis-
sion, furthermore the slope c1 = 28 µeVK describing the linear
increase due to acoustic Γ phonons, the rate c2 = 6.5meV
and the averaged energy Ω = 20meV of involved acoustic Γ
phonons determining the strength of the superlinear increase.
We find that optical Γ phonons do not give a contribution to
the superlinear increase. The corresponding parameters for
MoSe2 read γ0 = 4.3meV, c1 = 91 µeVK , c2 = 15.6meV(c2 = 7.2meV due to intravalley optical phonon scattering
and c2 = 8.4meV due to K−Λ coupling), and Ω = 30meV.
Our results for the radiative dephasing are in good agreement
with recent calculations.34
In conclusion, we have presented a joint theory-experiment
study revealing the microscopic origin of the excitonic life-
time in atomically thin 2D materials. We find both in
theory and experiment a qualitatively different origin of
the coherence lifetime limiting processes in tungsten- and
molybdenum-based TMDs. While in MoSe2, the coherence
lifetime of an optically bright exciton is determined by in-
travalley scattering with acoustic phonons, in WS2 scattering
into dark excitonic K − Λ states is crucial. The gained in-
sights shed light into excitonic properties that are crucial for
exploiting the technological potential of these atomically thin
nanomaterials. In particular, it will allow us to access exci-
ton dynamics on a microscopic level across a large variety of
relevant experimental scenarios, including exciton formation,
thermalization and relaxation among many others. The pre-
sented theoretical approach can be furthermore generalized to
quantitatively describe exciton behavior for the whole fam-
ily of semiconducting 2D materials beyond the representative
systems studied here. It provides a theoretical basis to explore
fundamental many-body physics of 2D materials, crucial for
future applications and allowing for consistent theoretical pre-
dictions of the functionality for novel devices on inter-atomic
scales.
ACKNOWLEDGEMENTS
We acknowledge financial support from the Deutsche
Forschungsgemeinschaft (DFG) through SFB 951 (A.K.) SFB
787 (M.S.), SFB 689 (T.K. and C.S.), GK 1570 (P.N.),
Emmy Noether Program (A.C.) and the EU Graphene Flag-
ship (CNECT-ICT-604391)(E.M.,G.B.). This work was fur-
ther supported by the U.S. Department of Energy, Office of
Science, Office of Basic Energy Sciences, with funding at
Columbia University through the Energy Frontier Research
Center under grant de-sc0001085 for optical measurements
and at SLAC National Accelerator Laboratory through the
5AMOS program within the Chemical Sciences, Geosciences,
and Biosciences Division for data analysis. A.C. gratefully
acknowledges funding from the Keck Foundation.
1 K. He, N. Kumar, L. Zhao, Z. Wang, K. F. Mak, H. Zhao, and
J. Shan, Phys. Rev. Lett. 113, 026803 (2014).
2 A. Chernikov, T. C. Berkelbach, H. M. Hill, A. Rigosi, Y. Li, O. B.
Aslan, D. R. Reichman, M. S. Hybertsen, and T. F. Heinz, Phys.
Rev. Lett. 113, 076802 (2014).
3 G. Bergha¨user and E. Malic, Phys. Rev. B 89, 125309 (2014).
4 A. Ramasubramaniam, Phys. Rev. B 86, 115409 (2012).
5 K. F. Mak, C. Lee, J. Hone, J. Shan, and T. F. Heinz, Phys. Rev.
Lett. 105, 136805 (2010).
6 A. Splendiani, L. Sun, Y. Zhang, T. Li, J. Kim, C.-Y. Chim,
G. Galli, and F. Wang, Nano Letters 10, 1271 (2010).
7 B. Radisavljevic, A. Radenovic, J. Brivio, V. Giacometti, and
A. Kis, Nat Nano 6, 147 (2011).
8 C. Lee, H. Yan, L. E. Brus, T. F. Heinz, J. Hone, and S. Ryu, ACS
Nano 4, 2695 (2010).
9 D. Y. Qiu, T. Cao, and S. G. Louie, Phys. Rev. Lett. 115, 176801
(2015).
10 F. Wu, F. Qu, and A. H. MacDonald, Phys. Rev. B 91, 075310
(2015).
11 A. Steinhoff, J.-H. Kim, F. Jahnke, M. Ro¨sner, D.-S. Kim, C. Lee,
G. H. Han, M. S. Jeong, T. O. Wehling, and C. Gies, Nano Letters
15, 6841 (2015).
12 X.-X. Zhang, Y. You, S. Y. F. Zhao, and T. F. Heinz, Phys. Rev.
Lett. 115, 257403 (2015).
13 A. Arora, M. Koperski, K. Nogajewski, J. Marcus, C. Faugeras,
and M. Potemski, Nanoscale 7, 10421 (2015).
14 M. Kira and S. Koch, Progress in Quantum Electronics 30, 155
(2006).
15 G. Moody, D. C. Kavir, K. Hao, C.-H. Chen, L.-J. Li, A. Singh,
K. Tran, G. Clark, X. Xu, G. Berghauser, E. Malic, A. Knorr, and
X. Li, Nat Commun 6 (2015).
16 S. Koirala, S. Mouri, Y. Miyauchi, and K. Matsuda, Phys. Rev. B
93, 075411 (2016).
17 P. Dey, J. Paul, Z. Wang, C. E. Stevens, C. Liu, A. H. Romero,
J. Shan, D. J. Hilton, and D. Karaiskaj, Phys. Rev. Lett. 116,
127402 (2016).
18 M. M. Glazov, T. Amand, X. Marie, D. Lagarde, L. Bouet, and
B. Urbaszek, Phys. Rev. B 89, 201302 (2014).
19 Y. Song and H. Dery, Phys. Rev. Lett. 111, 026601 (2013).
20 Poellmann C., Steinleitner P., Leierseder U., Nagler P., Plechinger
G., Porer M., Bratschitsch R., Schuller C., Korn T., and Huber R.,
Nat Mater 14, 889 (2015).
21 V. M. Axt and T. Kuhn, Reports on Progress in Physics 67, 433
(2004).
22 H. Haug and S. W. Koch, Quantum Theory of the Optical and
Electronic Properties of Semiconductors (5th ed. (World Scien-
tific Publishing Co. Pre. Ltd., Singapore, 2004).).
23 P. Cudazzo, I. V. Tokatly, and A. Rubio, Phys. Rev. B 84, 085406
(2011).
24 A. Thra¨nhardt, S. Kuckenburg, A. Knorr, T. Meier, and S. W.
Koch, Phys. Rev. B 62, 2706 (2000).
25 E. Malic and A. Knorr, Graphene and Carbon Nanotubes: Ul-
trafast Optics and Relaxation Dynamics (1st ed. (Wiley-VCH,
Berlin, 2013)).
26 H. Zeng, J. Dai, W. Yao, D. Xiao, and X. Cui, Nat Nano 7, 490
(2012).
27 T. Cao, G. Wang, W. Han, H. Ye, C. Zhu, J. Shi, Q. Niu, P. Tan,
E. Wang, B. Liu, and J. Feng, Nat Commun 3, 887 (2012).
28 X. Xu, W. Yao, D. Xiao, and T. F. Heinz, Nat Phys 10, 343 (2014).
29 X. Li, J. T. Mullen, Z. Jin, K. M. Borysenko, M. Buon-
giorno Nardelli, and K. W. Kim, Phys. Rev. B 87, 115418 (2013).
30 Z. Jin, X. Li, J. T. Mullen, and K. W. Kim, Phys. Rev. B 90,
045422 (2014).
31 J. Schilp, T. Kuhn, and G. Mahler, Phys. Rev. B 50, 5435 (1994).
32 H. Haug and A.-P. Jauho, Quantum Kinetics in Transport and Op-
tics of Semiconductors, 2nd ed. (Springer-Verlag Berlin Heidel-
berg, 2008).
33 A. Knorr, S. Hughes, T. Stroucken, and S. Koch, Chemical
Physics 210, 27 (1996).
34 H. Wang, C. Zhang, W. Chan, C. Manolatou, S. Tiwari, and
F. Rana, Phys. Rev. B 93, 045407 (2016).
